Variational methods have become a widely used tool in the search for solitary waves in nonlinear systems. If a system exhibits fast oscillations in one of the degrees of freedom, its wavefunction can split into two or more separate parts and 'orthodox' variational descriptions are inadequate to include such nontrivial dynamics. A candidate for somewhat more realistic description is the hybrid variational method introduced by Edwards et al (2005 J. Phys. B: At. Mol. Opt. Phys. 38 363), which to our knowledge has not yet been used for a dynamical situation. Here we investigate an application of the hybrid method to a twodimensional system with dispersion management, where pulse splitting is known to occur. By comparison with full numerical simulations, we conclude that in some cases these methods can give an improvement in the proper description of the evolution, but we also find an example where the hybrid methods fail. Edwards' method is thus evaluated in practical terms. It is hoped that this will encourage its wider use.
The quest for multidimensional solitons in nonlinear optical systems and Bose-Einstein condensates has recently attracted some attention [1] . One of the most efficient methods used in the search for solitons in complex systems is the variational approximation (VA) [2] . This technique simplifies a numerical study of these nonlinear systems, since upon using it one has to deal with ordinary rather than partial differential equations. This simplification becomes crucial if one needs to numerically search the phase space for regions of stability. Moreover, in many cases the predictions obtained from a variational analysis agree very well with the full numerical simulations. The VA was first introduced for solitons in plasma physics by Bondeson, Lisak and Anderson [3] . Next it was applied for solitons in optical fibres in the paper by Anderson [4] and further developed in the more general context by Anderson, Lisak and Reichel [5] . These efforts became the basis for the rapid development of analytical methods in nonlinear optics based on the variational approximation. We illustrate the main steps of this approximation using the nonlinear Schrödinger equation
as an example. First we introduce the Lagrange density for equation (1)
Then we postulate an Ansatz, i.e., a trial analytical function with relatively few parameters. In the case of the NLS equation, a commonly adopted Ansatz approximating a perturbed soliton is
The functional form of the Ansatz is fixed with respect to the t-dependence, while it contains several variational parameters: the real amplitude A(z), the phase θ(z), the width W (z) and the chirp b(z). The free parameters are functions of the evolutional variable z, as seen from (3). Evolution equations for the above parameters can be derived upon substituting the above Ansatz into the Lagrange density function L and integrating over t. By doing so we obtain a new Lagrangian:
Its conjugate variables are Ansatz parameters and their z derivatives. The set of Euler Lagrange equations for this new Lagrangian L are ordinary differential equations that lead to the following second-order equation for W :
where E is a constant of motion. The variational representation is usually available for conservative models. It is also used for systems with an explicit coordinate dependence, a system described by (1) when we multiply the dispersion term or nonlinear term by an explicit function of z. In the case when the function multiplying the dispersion term (we will call it D(z) from now on) is a periodic function of z, we may expect parametric phenomena which enhance the stability of the propagating pulses [6] . In application to real optical telecommunication, the concept of variable sign-changing dispersion has gained popularity under the name of dispersion management (DM). The variational analysis is a natural technique for the analysis of DM schemes; therefore it was used in numerous works (see [7] [8] [9] [10] [11] [12] [13] ). Recently, a stability analysis was performed for two-dimensional spatiotemporal solitary waves ('light bullets') using VA [14] [15] [16] [17] . The general conclusion of this study was that there exist stable two-dimensional solutions in the presence of a periodic dispersion modulation, but in the three-dimensional case (bulk medium), all the spatiotemporal pulses will spread out or collapse. Later it was demonstrated that three-dimensional spatiotemporal solitary waves can exist in self-focusing Kerr media when a combination of dispersion management in the longitudinal direction (with the group-velocity dispersion alternating between positive and negative values) and periodic modulation of the refractive index in one of the transverse directions, is applied [18] . In most cases, the variational analysis gave accurate predictions of the stability regions in the parameter space. In some cases, however, we noted a pulse splitting in the direction of the modulation. Surely this kind of dynamics cannot be described by the variational approximation, since this approach implicitly assumes that the pulse (wavefunction) remains compact (single piece) and possibly close to the Gaussian shape (see (3) ). In order to get an adequate description to include phenomena like pulse splitting, one needs to treat the dimension in which it occurs in a different way.
Recently, a description including the possibility of pulse splitting was proposed by a few groups [19, 20] . However, our treatment will be based on the more refined method proposed by Edwards et al [21] . They called it the hybrid Lagrangian method (HLM). The main idea is to treat all directions except the modulated one by a variational Ansatz, but derive a onedimensional reduced partial differential equation in the direction along which the modulation occurs. Examples of the application of HLM include Bose-Einstein condensates in optical lattices and Bragg and standing-wave laser pulses imposed on condensates [21] . In this paper, we apply the hybrid Lagrangian method to describe pulse splitting in two-dimensional dispersion management. In this case the equation of motion is i ∂u ∂z + 1 2
where D(z) is the periodic function:
where k is zero or a natural number. Normalization is |u(z, x, t)| 2 dx dt = E. We now introduce a trial function in the form
and so |φ(z, t)
The initial conditions are
The variational parameters are the phase φ(z, t), width W (z) and chirp b(z). Since the parameter φ is a function of both z and t, we can only reduce the space of the Lagrange density by integrating over x. We obtaiñ
The Euler-Lagrange equations lead to a more compact form if we substitute [21] 
When this is done we obtain the closed system of equations
These equations with λ defined above in (11) describe the evolution of our pulse along z. Note that the right-hand side of (13) can describe a potential well, as λ < 0. In contradistinction to a full Lagrangian treatment, in which the temporal variation would also be modelled by a Gaussian, our treatment can describe soliton splitting, amalgamation, etc. The crucial question we wished to address when utilizing the hybrid model was whether it could describe soliton splitting. The formulation is such that this certainly seems possible. We looked at cases for which the full numerics gave soliton splitting, but of course full variational analysis missed it. Figure 1 shows the maximum of the amplitude of the initially Gaussian pulse as found from the full 2D numerical simulation (broken line), and for comparison as found by the hybrid model (continuous line). Agreement is seen to be very good, after a slight initial discrepancy. Figures 2 and 3 show a comparison of the splitting and recombining of the pulse as described by the two approaches. This phenomenon occurs periodically (with the imposed period of the dispersion management). As we see, again the agreement is excellent.
There were, however, cases when the hybrid model predicted the wrong behaviour. In [14] we found cases, in which a variational analysis predicted decay of the pulse, whereas the full numerical simulation gave stability. Here we investigated one of these cases. Unfortunately, the hybrid model in this case is no better than the full variational analysis. The results for this case are summarized in figure 4 , where we present the maximum of the amplitude obtained from the full 2D numerical simulation, and from also the hybrid model. This time the agreement is poor. The spatial width W spreads out to infinity in the hybrid model, similarly as would follow from the variational analysis [14] .
In conclusion, Edwards et al have suggested a tool for looking at pulse phenomena (e.g. pulse splitting) that are missed by the very nature of the variational analysis. In this paper, we have found that indeed there are cases when the hybrid model can describe pulse splitting. However, when it suggests this phenomenon a full simulation is strongly recommended (we found evidence that the hybrid model may misrepresent some dynamical features). Thus it is a useful tool, albeit an imperfect one.
